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Abstract
The Lagrangian model for anyon, presented in [6], is extended to include
interactions with external, homogeneous electromagnetic field. Explicit elec-
tric and magnetic moment terms for the anyon are introduced in the La-
grangian. The 2+1-dimensional BMT equation as well as the correct value
(2) of the gyromagnetic ratio is rederived, in the Hamiltonian framework.
PACS Numbers: 11.10.Ef
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During the last decade, 2+1-dimensional physics has been an area of
intense activity. This is mainly due to the application of anyons, (2+1-
dimensional particles of arbitrary spin and statistics), in realistic planar
physics [1], notably fractional quantum Hall effect, high Tc - superconductiv-
ity etc.
This has provided the impetus for constructing viable classical models
of free, relativistic, spinning particles in 2+1-dimensions. Starting with the
work of Jackiw and Nair [2], who have derived a covariant equation of mo-
tion for free anyon, (in analogy to the Dirac equation for spin 1
2
particle),
a number of papers have appeared in this connection [3, 4]. However [4]
does not develop a configuration space Lagrangian framework. This was at-
tempted in [3], but unfortunately the work has given rise to criticisms [5].
On the other hand, the model proposed by the present author [6], following
the authoritative work of Hanson and Regge [7], adequately describes a free
anyon.
But the interesting physical properties of anyons, in particular its gyro-
magnetic ratio g, can only be probed in the presence of electromagnetic inter-
actions. This was first done by Chou, Nair and Polychronakos [8],using the
symplectic framework for the induced representation of the Poincare group
for anyon, minimally coupled to external electromagnetic field. They found
g = 2 for anyon, by comparing their equations with the 2+1-dimensional
Bargmann-Michel-Telegdi (BMT) [9] equation. However they have not de-
2
rived an explicit form of the Lagrangian.
In the present Letter, we have developed a Lagrangian model for a 2+1-
dimensional spinning particle, (anyon), with electric and magnetic dipole
moments, interacting minimally with external electromagnetic field. Several
attractive features of the present formulation and the results obtained are the
following: (i) A coordinate space, reparametrization invariant Lagrangian for
the interacting model is provided. Detailed constraint analysis is performed
in the Hamiltonian formulation and the BMT equation is obtained via Dirac
brackets [10]. Albeit classical, the BMT equation is in fact the same as the
quantum mechanical Heisenberg equation of motion for the spin. We also
find g = 2 for anyons.
(ii) For simplicity, as well as our goal of fixing the g value, we produce only
O(Fµν) results, where Fµν is the external, uniform field. All these restrictions
can be lifted in a straightforward manner. A kinetic term for the gauge
sector can also be included to get the full quantum theory. In fact, as we
comment at the end, inclusion of the gauge kinetic term might be imperative
for conceptual reasons, as has been pointed out in [7].
After this brief outline of the present work, we start with the Lagrangian
L = (M2u2 +
1
2
J2σ2 +MJǫµνλuµσνλ)
1
2 − euµA
µ −
D
2
σµνF
µν
= (L)
1
2 − eu.A−
D
2
σ.F. (1)
where L is the same as that of the free anyon in [6] and the variables are also
3
defined as in [6],
uµ = x˙µ; σµν = Λ µλ Λ˙
λν ; Λ µλ Λ
λν = Λµ λΛ
νλ = gµν
g00 = −g11 = −g22 = 1.
A specific (2+1-) dimensional feature of this model should be pointed out. It
was shown in [7], that in 3+1-dimensions, the simple coupling term σ.F was
unphysical since it puts undue restrictions on the external field, because of the
constraint structure and more complicated couplings had to be introduced.
One can recognise the phenomenological electric and magnetic dipole moment
terms [11] in the D-term, but constructed here out of the basic degrees of
freedom.
The conjugate momenta are directly obtained as
P µ = −
∂L
∂uµ
= −
1
2
(L)
−1
2 (2M2uµ +MJǫµνλσνλ) + eA
µ, (2)
Sµν = −
∂L
∂σµν
= −(L)
−1
2 (J2σµν +MJǫµνλuλ) +DF
µν . (3)
Defining Πµ = P µ − eAµ and Σµν = Sµν − DF µν , the primary (but not
independent) constraints are
Π2 =M2;
1
2
ǫµνλΣµνΠλ =MJ ; Σ
2 = 2J2, (4)
V µ = ΣµνΠν = 0. (5)
In the covariant framework, the natural choice for the independent First
Class Constraints (FCC) are the mass shell condition and the Pauli-Lubanski
4
scalar, the first two relations of (4) respectively. This is the starting point of
the Jackiw-Nair construction [2]. However, in the fixed time or Hamiltonian
scheme, more useful is the choice of the mass shell condition and (5), used
here, which was advocated in [7]. Note that actually (5) consists of two inde-
pendent relations since ΠµV
µ = 0 and this Second Class (SC) pair together
with mass shell condition implies the Pauli-Lubanski relation. A gauge fix-
ing for the latter in the former alternative makes the number of constraints
same in both the cases. (This point was not stressed in [6].) However we are
not finished with the constraints yet. The so called Weyssenhoff condition
(5) ensures that in the particle rest frame, the spin has a single component
S12. Consequently one must introduce additional constraints that restrict
the number of angular degrees of freedom to one in the rest frame as well.
This is achieved by the constraint
χµ = Λ0µ −
Πµ
M
≈ 0. (6)
The identity Πµχµ = −
1
2
Mχ2 shows that only two χ’s are independent.
The fundamental Poisson Brackets (PB) are the following:
{Πµ, xν} = −gµν ; {Πµ,Πν} = −eF µν (7)
{Sµν , Sαβ} = Sµαgνβ − Sµβgνα + Sνβgµα − Sναgµβ, (8)
with all other PB’s vanishing. Note that since {Πµ,Πν} PB is nontrivial, the
mass shell condition in (4) has to be modified to
Π2 −M2 +
2eFµαΠ
µ
Π2 − e
2
F.Σ
V α (9)
5
to make it an FCC. But this extra term can be ignored since we immediately
move on to the Dirac Brackets (DB) generated by V µ and hence can use
V µ = 0 strongly. Let us now comput the Dirac Brackets (DB) for the SCC’s
V i and χj for I = 1, 2 since only two each of the V µ and χµ are independent.
This manifestly non-covariant algebra can be avoided by an elegant trick,
(for details see [7]) and equivalently one can construct the DB’s for V µ and
χν . After inverting the constraint matrix consisting of PB’s of the SCC’s, we
get the first stage (DB)I of any two generic operators as
{A,B}I = {A,B}PB + {A, V
µ}(
eFµν
m2M2
){V ν , B} − {A, χµ}(Sµν
+
D
M2
(ΠµFνλ−ΠνFµλ)Π
λ){χν , B}+{A, V µ}
1
M
{χµ, B}−{A, χ
µ}
1
M
{Vµ, B}
(10)
where m2 = M2− e
2
S.F . Thus the O(F ) DB’s relevant to our present interest
are
{Πµ,Πν}I = −eF
µν ; {Πµ, xν}I = −g
µν −
e
M2
F µαSν α ;
{Πµ, Sνλ}I =
e
M2
F µ α(Π
νSαλ − ΠλSαν). (11)
Note that to O(F ), the D terms do not appear. We are still left with the
FCC Π2−M2. This reflects the arbitrariness present in the definition of the
parameter τ in uµ = dx
µ
dτ
. We gauge fix τ to be the proper time, x0 − τ ≈ 0
and now compute the final set of DB’s for the pair of Scc’s Π2−M2 ≈ 0 and
x0 − τ ≈ 0. The final brackets are
{Πµ, Sγ}
∗ =
e
M2
ǫγνλF
µ
αΠ
νSαλ +
eǫγνλΠαF
µα
Π0m2
S0νΠλ, (12)
6
{Πµ,Πν}∗ = −eF µν +
eΠα
Π0
(F µαg0ν + F ανgµo) (13)
where Sγ =
1
2
ǫγµνS
µν is the relativistic generalization of the spin. Now we
are equipped to derive the Hamiltonian equations of motion.
The canonical Hamiltonian H vanishes, (the theory being invariant under
redefinitions of τ), but there are extra contributions to H since the gauge
fixing x0 − τ ≈ 0 is time dependent. This extra term is obtained in the
standard way [12] and we end up with a non zero H ,
H = Π0 = (M2 − ΠiΠi)
1
2 . (14)
Hence the equations of motion are
Π˙µ = {H,Πµ}∗ =
eΠi√
(M2 −ΠiΠi)
(F iµ − F i0g0µ) (15)
S˙µ = {H,Sµ}∗ = −
e
M3
ǫµνλΠiF
ijΠνSjλ. (16)
One can at once check that
Π˙0 = 0; S˙0 = 0; Π˙i = −
e
M
F ijΠj ; S˙
i = −
e
M3
(Π.S)F ijΠj . (17)
Notice that Π.S = MJ from (4) and so with the consistent choice J
M
Πα =
Sα, we see that the two equations obtained separately are infact identical.
We emphasize that this proof of the fact that (generalized) momentum and
spin are parallel for anyons is rigorous since here the relation J
M
Πα = Sα is
an operator identity, (valid even after quantisation since we have used the
Dirac Brackets), whereas stating this relation only from (4) would be purely
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classical. This is equivalent to the identification made in [8]. From now on we
will consider only the Sα equation, which is the appropriate BMT equation.
Understandably the equations are not manifestly covariant. This is simply
because we are working in the fixed-time or Hamiltonian framework. Indeed
one can see that we are in the particle rest frame, (since we fixed τ to be the
proper time). Hence the BMT equation (17) is at once generalized to
S˙α = −
e
M
F αβSβ. (18)
Comparing this with the original BMT equation [8] we verify that the gyro-
magnatic ratio for anyons is 2.
We conclude with two comments regarding the external field formulation
as well as some future directions of study. Firstly remember that we have
always assumed the fields to be external, meaning that they are c-number
space-time functions, devoid of a nontrivial PB structure. However, the
nonzero {xµ, xν} DB’s , originating from (10), (and present even without
interactions), introduce a nonvanishing {Aµ, Aν}. Does this mean that the
Aµ’s are no longer external? According to Hanson and Regge [7], one should
include the gauge kinetic term as well from the beginning and then proceed.
This will make the gauge fields dynamical variables from the start. Secondly,
since the DB structure is drastically altered from the PB’s, specially with
respect to the {xµ, xν} algebra, canonical quantization is problematic. Hence
one can either use directly the Wigner-Pryce [7] variables or one can try to
solve the constraints perturbatively, as was done in [8].
8
The future prospects of this kind of Lagrangian and Hamiltonian formu-
lations look quite promising. Since there is an explicit Lagrangian to start
from, one can try to construct models for two interacting anyons. Also grav-
itational interactions can be introduced in a straightforward manner. Work
is in progress along these directions.
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